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DetachmentThe present work deals with the formulation of a kinematic enriched model for cohesive interface. In fact,
the interface kinematics is deﬁned by the relative displacement occurring between the two surfaces of
the interface and, even, by the strain arising in the plane of the interface. A damage model which accounts
for the mode I and mode II and for the axial deformation of the interface is proposed starting from the
Drucker–Prager failure criterion. A numerical procedure is developed implementing the proposed inter-
face model into a new ﬁnite element. The nonlinear evolutive problem is solved adopting a predictor–
corrector technique within the backward time integration scheme. Simple numerical simulations are
presented in order to assess the features of the model. Moreover, numerical applications are carried
out in order to demonstrate the ability of the proposed model in reproducing the mechanical behavior
of the cohesive elements strengthened with external FRP reinforcements. Comparisons between available
experimental data and numerical results obtained using the proposed model show the effectiveness of
the presented formulation.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Many structural problems require the analysis of initiation and
evolution of important damage phenomena. The heterogeneity of
structure or particular loading and constraint conditions concen-
trate damage or inelastic strain in narrow regions where macro-
scopic separation are thus forced to appear, while the remaining
parts can still be considered in elastic regime.
The strain concentration in narrow zones can be satisfactorily
simulated adopting the so called interface model. The interface
reproduces the mechanical response of a thin layer of material
where high strain concentration occurs. It can be deﬁned as the
link between the two surfaces containing a small portion of mate-
rial with high strain gradient; it is mathematically characterized by
zero thickness and it is able to transmit stresses from one surface
to another. Typically, the kinematics of the interface is simply
deﬁned by relative displacements, i.e. the jump of the displace-
ments occurring among the two surfaces determining the interface
itself. Moreover, the interface tractions are assumed to be linear or
nonlinear functions of relative displacements.
Interfaces are widely adopted in structural analyses to repro-
duce several situations. In fact, many interface models have beenproposed in literature and used to investigate different structural
problems. As consequence of the wide ﬁeld of applications and of
the large amount of interface models available in literature and
implemented into commercial ﬁnite element codes, a comprehen-
sive and complete review of the literature concerning the interface
modeling and application is almost impossible.
Among the other, interface models are successfully adopted: to
reproduce the delamination mechanism in composite laminates,
e.g. Alfano and Crisﬁeld (2001), Corigliano (1993), Point and Sacco
(1996) and Allix et al. (1998); to perform micro-mechanical analy-
sis of damaging composite (heterogeneous)materials, modeling the
adhesion between the constituents, e.g. Wriggers et al. (1998) and
Kushch (2013) for ﬁbrous composites and Oliveira and Lourenço
(2004), Sahlaoui et al. (2011) and Sacco and Lebon (2012) for the
masonry material; for modeling the surfaces or lines of potential
crack in fracture mechanics, describing the response of cohesive
zones (Achenbach et al., 1976; Hillerborg et al., 1976), even imple-
mented in XFEM procedures (Benvenuti, 2008); for reproducing the
response of structural parts joined by adhesive (Frémond, 2001);
for simulating the detachment and the interaction between two
or more bodies in several other applications (Needleman, 1990;
Alfano and Sacco, 2006; Ragueneau et al., 2006; Guiamatsia and
Nguyen, 2014).
Studies concerning the derivation, in a systematic way, of the
equations of interface models from the three-dimensional linear
elasticity has been proposed using the asymptotic expansion
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Geymonat et al. (1999). In this framework, ‘‘soft’’ and ‘‘hard’’ inter-
face models have been derived (Lebon et al., 2004; Lebon and
Rizzoni, 2010), even considering nonlinear constitutive laws.
Moreover, ﬁrst order and second order theories have been obtained
considering the terms at zero order and at ﬁrst order of the asymp-
totic expansion, respectively.
An actual and interesting ﬁeld of application of interface models
is the stress analysis of bond response of external strengthening
made of Fiber Reinforced Polymer (FRP) laminates applied on
quasi-brittle, i.e. cohesive, substrates (masonry or concrete), with
the simulation and prediction of the detachment phenomenon.
The decohesion process initiates and propagates in a narrow region
(the adhesive and a thin layer of substrate cover) separating two
well deﬁned domains. The role of the interface is essential to the
stress transfer between FRP and substrate inﬂuencing the struc-
tural response in terms of stiffness, strength and failure behavior.
Numerical models for FRP debonding are typically based on shear
stress-tangential slip interface laws that are calibrated by direct
shear tests (Savoia et al., 2003). In this case, relative displacement
between FRP reinforcement and substrate is lumped within the
interface layer, whose constitutive law collects all compliance
and nonlinear contributions of adhesive and external substrate
layer. This modeling approach demonstrated success for speciﬁc
test conﬁgurations and design procedure, but there is still a need
for models that can satisfactorily predict the debonding failure
phenomena in more general cases. In fact, the cohesive interface
law is strongly inﬂuenced by boundary effects (Benzarti et al.,
2011).
More complex detachment models have been proposed in order
to account for nonlocal damage effects and, mainly, for accounting
for the coupling between the damage process occurring in the
cohesive substrate and the damage evolution at the interface
(Freddi and Frémond, 2006; Marﬁa et al., 2011; Ruocci et al.,
2013; Toti et al., 2013).
Moreover, the interface models based on the kinematics deﬁned
by the relative displacement, i.e. by the jump of the displacement
occurring among the two surfaces determining the interface itself,
can be unsatisfactory mainly when nonlinear, i.e. detachment,
effects are to be investigated. Giambanco et al. (2012) proposed a
new ‘‘interphase’’ ﬁnite element in two-dimensional linear elastic-
ity framework, able to take into account the in-plane strain arising
within the contact layer adjacent to joint interface. The element is
basically thought for investigating the interaction between mortar
and brick in masonry panels. de Borst et al. (2014) proposed a
cohesive-zone model which accounts for the triaxiality of the
stress state, in order to satisfactorily simulate the presence of craz-
ing in polymers, or to reproduce the response of splitting cracks in
shear-critical concrete beams. Moreover, a failure criterion for
cohesive interfaces which includes the presence of stress compo-
nents that are not part of the traction vector on the material failure
surface has been proposed in Schreyer (2007).
Indeed, concerning the FRP detachment problem, experimental
evidences demonstrate that as the cohesive substrate is usually
weaker than the glue and the reinforcement, the debonding usu-
ally occurs with the removal of a thin layer of the support material,
which remains glued on the reinforcement. This thin layer of cohe-
sive material is subjected not only to the classical traction vector
but also to in-plane stress components; it is expected that, in pres-
ence of tensile or compressive in-plane stresses in the layer of
cohesive material, the failure of the interface occurs for lower or
higher values of the traction vector, respectively. In fact, the com-
plexity of the state of stress in the cohesive layer, due to the pres-
ence of in-plane effect, can change the failure mechanism and the
maximum debonding force. As consequence, the in-plane deforma-
tion of this thin layer of cohesive material can play an important(if not fundamental) role in the detachment phenomenon. In fact,
the layer where the debonding occurs is subjected to compressive
or tensile strains which induces a delay or an advance of the
failure, respectively.
In the present work, an enhanced formulation for cohesive
interface that keep into account the effect of in-plane deformations
of the gluing surface is proposed. Starting from this kinematic
assumption an enriched formulation of interface model is
proposed. In fact, the kinematics is deﬁned not only by the relative
displacement occurring between the two surfaces of the interface,
but the strain arising in the plane of the interface is also accounted
for. Thereby, the enriched formulation introduces a constitutive
correlation between the in-plane deformation (elongation or
conﬁnement) of the interface and the membrane state of stress.
This assumption allows to easily translate at the interface level
the constitutive laws of the continuum. In fact, an interface
damage model which accounts for the mode I and mode II and
for the axial deformation of the interface is proposed starting from
the Drucker–Prager failure criterion. Two different damage
evolutive relations are proposed: the classical bilinear softening
law and a nonlinear one.
A numerical procedure is developed implementing the pro-
posed interface model into a new ﬁnite element which is intro-
duced into the library element of the code Deal.II (Bangerth
et al., 2013). The nonlinear evolutive problem is solved adopting
a predictor–corrector technique within the backward time integra-
tion scheme.
Simple numerical simulations are presented in order to illus-
trate the capabilities of the model. Later on, some numerical
applications are carried out in order to assess the performances
of the proposed model in reproducing the mechanical behavior of
concrete elements strengthened with external FRP reinforcements.
In particular, comparisons between numerical predictions and
experimental results are reported.
The remainder of the paper is organized as follows. In Section 2,
the proposed interface model with enriched kinematics is pre-
sented; in Section 3, the simpliﬁed model, for two-dimensional
applications is illustrated; Section 4 deals with the numerical
procedure developed to solve the evolutive nonlinear problem;
Section 5 illustrates the main features of the model and some
interesting numerical simulations with comparisons with available
experimental data. Finally, Section 6 draws some conclusions of
the present study.2. Interface model
In this section, the kinematically enriched interface model is
presented in the framework of the small displacement and strain
regime. In the following, the Voigt notation is adopted so that
strain and stress are represented in vector form.
A thin layer X with mid-plane S and constant small thickness t
is considered, S being an open bounded set in R2 with a smooth
boundary. Let S be the top and bottom surfaces of the layer X.
A local cartesian reference system O; x1; x2; x3ð Þ is introduced,
with x2 orthogonal to S, as illustrated in Fig. 1. The displacement
vector is denoted as u ¼ u1 u2 u3f gT , so that, adopting the Voigt
notation, the strain is organized in the vector:
e ¼ e11 e22 e33 c12 c23 c13f gT ; ð1Þ
with
e11 ¼ u1;1; e22 ¼ u2;2; e33 ¼ u3;3;
c12 ¼ u1;2 þ u2;1; c23 ¼ u2;3 þ u3;2; c13 ¼ u1;3 þ u3;1;
ð2Þ
where the comma indicates the partial derivative.
Fig. 1. Geometrical scheme of the interface and coordinate system.
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As the considered body is thin enough in the x2-direction, a
kinematic simplifying hypothesis can be introduced. In fact, it is
assumed that the displacement vector u can be written as power
series of the x2 coordinate truncated at the linear term. In other
words, it is assumed that u is linear function of the x2 coordinate.
Thus, the displacement vector for a typical point of the interface
can be represented in the form:
u ¼ uþ x2
t
s; ð3Þ
where u is the average displacement vector in the thickness while s
is relative displacement vector, deﬁned as:
u ¼ 1
2
ðuþ þ uÞ; s ¼ uþ  u; ð4Þ
uþ and u being the displacement vectors evaluated at the top and
bottom of the interface, respectively, i.e. at x2 ¼ t=2 and x2 ¼ t=2.
As consequence of the representation form (3), the derivative
of u1; u2 and u3 with respect to x2 are constant and can be evalu-
ated as the ratio between the jump of displacement components
along the thickness s1; s2 and s3 and the interface thickness t, i.e.
u;2 ¼ s=t.
The strain components (2), because of the position (3), take the
speciﬁc form:
e11 ¼ u1;1 þ x2t s1;1;
e22 ¼ 1t s2;
e33 ¼ u3;3 þ x2t s3;3;
c12 ¼ u2;1 þ
1
t
ðs1 þ x2 s2;1Þ;
c23 ¼ u2;3 þ
1
t
ðs3 þ x2 s2;3Þ;
c13 ¼ u1;3 þ u3;1 þ
x2
t
ðs1;3 þ s3;1Þ:
ð5Þ
Moreover, the control displacement vector c, useful for subse-
quent developments, is introduced as:c ¼ t e ¼
u1;1 t þ x2 s1;1
s2
u3;3 t þ x2 s3;3
u2;1 t þ s1 þ x2 s2;1
u2;3 t þ s3 þ x2 s2;3
ðu1;3 þ u3;1Þ t þ x2 ðs1;3 þ s3;1Þ
8>>>>><>>>>:
9>>>>>=>>>>;
: ð6Þ2.2. Equilibrium
The equilibrium equations governing the proposed model are
recovered from variational formulation. Denoting by
r ¼ r11 r22 r33 r12 r23 r13f gT the stress vector, the virtual displace-
ment principle written under the assumption of zero body forces and
no pressures on the boundary @S t=2; t=2½, takes the form:Z
S
pþ þ pð Þ  duþ 1
2
pþ  pð Þ  ds
 
dx1dx3
¼
Z
S
N11 du1;1 þ N33 du3;3 þ N13 du1;3 þ du3;1ð Þ½
þ 1
t
M11 ds1;1 þM33 ds3;3 þM13 ds1;3 þ ds3;1ð Þð
þ N22 ds2 þM12 ds2;1 þM23 ds2;3 þ Q12 ðds1 þ tdu2;1Þ
þ Q23 ds3 þ tdu2;3ð ÞÞdx1dx3; ð7Þ
where p are the tractions applied on S, while the stress resultants
are deﬁned as:
N11 ¼
Z t=2
t=2
r11; N33 ¼
Z t=2
t=2
r33; N13 ¼
Z t=2
t=2
r13;
N22 ¼
Z t=2
t=2
r22; Q12 ¼
Z t=2
t=2
r12; Q23 ¼
Z t=2
t=2
r23;
M11 ¼
Z t=2
t=2
x2r11; M33 ¼
Z t=2
t=2
x2r33; M13 ¼
Z t=2
t=2
x2r13;
M12 ¼
Z t=2
t=2
x2r12; M23 ¼
Z t=2
t=2
x2r23:
ð8Þ
Integrating by parts formula (7), the following Euler equilib-
rium equations in S are obtained:
0 ¼ N11;1 þ N13;3 þ ðpþ1 þ p1 Þ;
0 ¼ N13;1 þ N33;3 þ ðpþ3 þ p3 Þ;
0 ¼ Q12;1 þ Q23;3 þ ðpþ2 þ p2 Þ;
0 ¼ M11;1 þM13;3  Q12 þ
1
2
tðpþ1  p1 Þ;
0 ¼ M13;1 þM33;3  Q23 þ
1
2
tðpþ3  p3 Þ;
0 ¼ M12;1 þM23;3  N22 þ 12 tðp
þ
2  p2 Þ;
ð9Þ
with the boundary conditions on @S:
0 ¼ N11 n1 þ N13 n3;
0 ¼ N13 n1 þ N33 n3;
0 ¼ Q12 n1 þ Q23 n3;
0 ¼ M11 n1 þM13 n3;
0 ¼ M13 n1 þM33 n3;
0 ¼ M12 n1 þM23 n3:
ð10Þ
It could be remarked that Eqs. (9) and (10) are indeed the equi-
librium equations, with the associated boundary conditions, of a
ﬂat shell of thickness t within the context of the ﬁrst-order shear
deformation theory which accounts also for the transversal
strain effects, i.e. for the deformation in the thickness direction.
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interface, deﬁned by expression (3). In this framework, the ratios
s1=t and s3=t has the meaning of the rotations of the ﬁber
orthogonal to the mid-plane S.
2.3. Constitutive law
Concerning the constitutive response of the interface, it is
assumed to be subjected to damaging effect; thus, according to
Continuum Damage Mechanics, the stress–strain relationship is
written as:
r ¼ 1 Dð ÞDe; ð11Þ
where D is the damage variable, while D is the elasticity constitu-
tive matrix. In particular, it is assumed that the interface material
has an isotropic response, so that:
D ¼ E
1þ m Iþ
m
1 2m1 1
 
; ð12Þ
where E is the Young modulus, m is the Poisson ratio, I is the 6 6
identity matrix and the vector 1 ¼ 1 1 1 0 0 0f gT , the symbol 
denoting the dyadic product.
As consequence of formula (11), the damage is isotropic. Intro-
ducing the matrix K ¼ D=t, the constitutive equation (11) can be
rewritten as:
r ¼ 1 Dð ÞKc; ð13Þ
and the effective stress is deﬁned as:
r ¼ 1
1 Dr ¼ Kc: ð14Þ
Different failure criteria can adopted for describing the damage
evolution process of the proposed interface model. As the model
considers also the membrane strains (and stresses) in the interface,
i.e. e11; e33; e13 (and r11;r33;r13), it appears interesting to adopt a
yield criterion for the damage evolution, which accounts for that
strains (or stresses) usually neglected in the classical interface
models. In the following, a suitable modiﬁcation of the Drucker–
Prager yield criterion is proposed for the kinematically enriched
interface model.
The Drucker–Prager criterion is a pressure-dependent model for
determining the initiation and evolution of the material failure. It
can be written in the form:
f ¼ req  k 6 0; ð15Þ
where req is the equivalent effective stress, deﬁned as:
req ¼ sd þ asm; ð16Þ
with sm and sd the ﬁrst invariant of r and the second invariant of the
deviatoric part of r, respectively:
sm ¼ 13 r11 þ r22 þ r33ð Þ;
sd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
s211 þ s222 þ s233 þ 2 s212 þ s223 þ s231
 	 
r
;
ð17Þ
sij being the components of the deviatoric part of the effective
stress. In fact, taking into account that the deviatoric part of the
effective stress is deﬁned as:
s ¼ r sm 1; ð18Þ
the second term of the Eq. (17) can be rewritten in the equivalent
form:
sd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
r211þr222þr233r11r22r22r33r33r11
 þr212þr223þr231
r
; ð19Þ
where the explicit dependence on the effective stress appears.The constants k and a reported in Eqs. (15) and (16), respec-
tively, are mechanical properties of the material constituting the
interface, that can be determined by suitable experimental tests.
Indeed, since the Drucker–Prager yield surface can be considered
also as a smooth version of the Mohr–Coulomb yield surface, k
and a can be expressed in terms of the angle of internal friction
/ and of the cohesion c that are used to characterized the classical
Mohr–Coulomb yield surface.
Eq. (15) ensures that the yield condition is reached when
req ¼ k. Then, the stress–strain relationship is linear elastic for
req < k; when req ¼ k the damage process can initiate and, then,
the damage evolution occurs. It is assumed a linear softening
branch in the stress–strain relation. Denoting by ku the ultimate
value of the equivalent effective stress req for which the stress
vector is trivial, i.e. r ¼ 0, the following law of variation for the
damage parameter is proposed:
D ¼max 0;min 1; eD  ; ð20Þ
under the irreversibility and evolution conditions
_DP 0 with eD ¼ ku k req 
req k kuð Þ : ð21Þ
In order to verify the evolution of the proposed damage law, the
simple case of pure shear is considered. In this instance, all the
components of the effective stress are zero except for the shear
stress r12 – 0. As consequence, it is sm ¼ 0 and sd ¼ r12, so that
req ¼ r12. The damage evolution law, governed by Eqs. (20) and
(21), becomes:
D ¼max 0;min 1; ku k r12ð Þ
r12 k kuð Þ
  
with _DP 0: ð22Þ
Considering a monotone loading case, which ensures the satis-
faction of the condition _DP 0, Eqs. (11), (12) and (22) give:
r12 ¼ ð1 DÞGc12 ¼ G
c12  juð Þj
j ju ; ð23Þ
with G ¼ E=ð2ð1þ mÞÞ the shear modulus, j ¼ k=G and ju ¼ ku=G.
Eq. (23) reveals that the stress component r12 is linear function of
the strain c12 during the damage evolution. Note that the quantities
j and ju introduced in Eq. (23) have the mechanical meaning of the
threshold and of the ultimate value of shear strain, respectively.
Alternative expression for the damage evolution (21) can be
obtained by adopting the following exponential law:
_DP 0 with eD ¼ req  ked reqkð Þ
req
ð24Þ
where d is the parameter that deﬁnes the brittleness of the
evolution.
3. Simpliﬁed interface model
In this section the governing equations for the general three-
dimensional interface problem are specialized to the case of two-
dimensional plane strain interface. Moreover, further simplifying
assumptions are also introduced in order to derive an easily
manageable model, which accounts for the in-plane deformation.
3.1. Hypotheses on the constitutive behavior
Considering the speciﬁc case of FRP glued on a cohesive support
(concrete or masonry), experimental evidences show that the
detachment of the FRP reinforcement occurs, indeed, because
of the failure of the support material (see for instance references
Carrara et al. (2013) and Grande et al. (2011)). In fact, the decohesion
Un
tak
Fig. 2. Scheme of the layers that can be distinguished in the ‘‘interphase’’ FRP-support.
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(or masonry), which remains glued on the reinforcement.
As remarked by Toti et al. (2013), the interface model should
reproduce the behavior of an ‘‘interphase’’ which is constituted
by three layers, as schematically illustrated in Fig. 2:
 the glue, whose mechanical properties are better than those of
the support cohesive material;
 a thin layer of the support cohesive material in which, during
the application of the reinforcement, the glue penetrates the
pores, improving its mechanical properties;
 a thin layer of the support cohesive material in which the
detachment process occurs, i.e. where the failure occurs.
The interface model should, hence, account for the fact that the
failure occurs in the lower layer of the ‘‘interphase’’. For this rea-
son, the damage of the interface has to be evaluated considering
the effective stress state at the bottom level, i.e. at x2 ¼ t=2, and
furthermore it can be reasonably assumed constant with respect
to the thickness coordinate:
D ¼ D r x1; t2 ; x3
  
; D;2 ¼ 0: ð25Þ3.2. Hypotheses on the kinematics
Next, simplifying hypotheses are introduced in the kinematics,
as it follows.
 The relative displacement vector s is assumed to vary slowly on
the surface S, i.e. jsi;1j 	 1 and jsi;3j 	 1, with i ¼ 1;2;3; setting
si;1 ¼ si;3 ¼ 0 (i ¼ 1;2;3) and their variations dsi;1 ¼ dsi;3 ¼ 0
(i ¼ 1;2;3), the following term of the Eq. (7) becomes zero:0 ¼
Z
S
M11 ds1;1 þM33 ds3;3 þM13 ðds1;3 þ ds3;1Þ½
þM12 ds2;1 þM23 ds2;3dx1dx3; ð26Þ
the consequence of this hypothesis leads to neglect the bending
effect in the interface;
 On the basis of the ﬁrst hypothesis, the out-of-plane shear
strains given by Eq. (5) become c12 ¼ u2;1 þ s1=t and
c23 ¼ u2;3 þ s3=t. The derivatives of the average transversal
displacement component u2 with respect to the in-plane
coordinates x1 and x3 represent the micro-rotations of the ﬁber
orthogonal to the mid-plane S around x3 and x1, respectively.
In other words, they account for the effect of the deﬂection of
the interface. Indeed, this effect can be considered negligible,
as it is expected that the interface ﬂexural deformation is unim-
portant. In Fig. 3 the sketch of the shear strain component c12 is
illustrated in its two adding terms, remarking the geometrical
meaning of the terms u2;1 and s1=t. In order to neglect the
deﬂection effect of the interface in the shear strain evaluation,
it is assumed that the second component of the average dis-
placement vector can vary slowly on the surface S, i.e.
u2;1 ¼ u2;3 ¼ 0 and, as consequence, du2;1 ¼ du2;3 ¼ 0. In such a
way, the following further term of the Eq. (7) becomes zero:0 ¼
Z
S
Q12 du2;1 þ Q23 du2;3ð Þdx1dx3: ð27Þ
der the above two hypotheses, the control displacement vector
es the simpliﬁed form:c ¼ t e ¼
u1;1 t
s2
u3;3 t
s1
s3
ðu1;3 þ u3;1Þ t
8>>>>><>>>>>:
9>>>>>=>>>>>;
: ð28Þ
As consequence of the above introduced simplifying hypotheses
on the kinematics of the interface, the equilibrium equations (9)
and (10) become:
0 ¼ N11;1 þ N13;3 þ ðpþ1 þ p1 Þ;
0 ¼ N13;1 þ N33;3 þ ðpþ3 þ p3 Þ;
0 ¼ ðpþ2 þ p2 Þ;
0 ¼ Q12 þ
1
2
tðpþ1  p1 Þ;
0 ¼ Q23 þ
1
2
tðpþ3  p3 Þ;
0 ¼ N22 þ 12 tðp
þ
2  p2 Þ;
ð29Þ
with the boundary conditions on @S:
0 ¼ N11 n1 þ N13 n3;
0 ¼ N13 n1 þ N33 n3:
ð30Þ
Eqs. (29)3, (29)4, (29)5 and (29)6 lead to:
p2 ¼ pþ2 ¼ p2 ;
1
t
Q12 ¼
1
2
ðpþ1  p1 Þ;
1
t
Q23 ¼
1
2
ðpþ3  p3 Þ;
1
t
N22 ¼ p2:
ð31Þ
As special case, the classical interface model can be recovered,
introducing further suitable simplifying assumptions; in particular,
it could be assumed that all the derivatives of the average displace-
ment vector u are negligible. Accordingly, the control displacement
vector of Eq. (28), becomes:
c ¼ t e ¼
0
s2
0
s1
s3
0
8>>>><>>>>>:
9>>>>=>>>>>;
ð32Þ
which corresponds to the kinematics of the classical interface
theory.
Fig. 3. Sketch of the geometrical meaning of the terms deﬁning the shear strain c12.
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virtual work equation (7):
0 ¼
Z
S
N11 du1;1 þ N33 du3;3 þ N13 ðdu1;3 þ du3;1Þ½ dx1dx3; ð33Þ
which reveals that the tractions applied on Sþ and on S have to be
equal and opposite, i.e. pi ¼ pþi ¼ pi , with i ¼ 1;2;3, while the last
three equations of the (31) give:
r13 ¼ 1t Q13 ¼ p1;
r23 ¼ 1t Q23 ¼ p2;
r33 ¼ 1t N33 ¼ p3;
ð34Þ
i.e. the stresses within the interface are equal to the applied
tractions.
This very simpliﬁed (classical) model will not be investigated in
the following, as the aim of the present work is to study the inﬂu-
ence of the in-plane strains and stresses in the response of the
interface.
3.3. Reduction to the plane strain case
The plane strain assumption is introduced by setting
e33 ¼ c13 ¼ c23 ¼ 0. In such a case, the constitutive equation (13),
taking into account position (28), assumes the explicit form:
r11
r22
r12
8><>:
9>=>; ¼ 1 Dð Þ
K11 K12 0
K21 K22 0
0 0 K33
264
375 u1;1 ts2
s1
8><>:
9>=>;: ð35Þ
It can be remarked that the considered kinematics is in accor-
dance with the one derived through asymptotic analysis by
Abdelmoula et al. (1998), when the ﬁrst order is considered. A dif-
ference can be found in the computation of the stresses; in fact, the
stress component r11 is not derived in Abdelmoula et al. (1998),
while the stresses r22 and r12 evaluated at the zero order are the
same as the ones computed herein.
A further simpliﬁed form of the constitutive equations (35), can
be recovered setting K12 ¼ K21 ¼ 0, which corresponds to consider
the Poisson ratio effect negligible into the interface. Under the
above assumption, Eq. (35) becomes:
r11
r22
r12
8><>:
9>=>; ¼ 1 Dð Þ
K11 0 0
0 K22 0
0 0 K33
264
375 u1;1 ts2
s1
8><>:
9>=>;: ð36Þ
The assumption to neglect the Poisson effect is not fundamental and
can be simply removed at any time, verifying the effect of the
coupling of the membrane and transversal response.
Taking into account the constitutive equations (36), because of
the relation (14), the effective stress is given by:
r11 ¼ K11u1;1 t; r22 ¼ K22s2; r12 ¼ K33s1: ð37ÞAs consequence of the plane strain assumption, it results:
r33 ¼ m r11 þ r22ð Þ; r13 ¼ 0; r23 ¼ 0; ð38Þ
that, substituted into expressions (17), leads to:
sm ¼ 13 1þ mð Þ r11 þ r22ð Þ;
sd ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
1 mþ m2ð Þ r211 þ r222
  1þ 2m 2m2ð Þr11r22	 
þ r212
r
:
ð39Þ
On the basis of the above introduced constitutive law for the
interface, the constitutive tangent is computed for _D > 0 as:
@r
@c
¼ 1 Dð ÞK Kc @D
@c
; ð40Þ
where
@D
@c
¼ @D
@req
@req
@c
¼ @D
@req
@req
@sm
@r
@c
 T
@sm
@r
þ @req
@sd
@r
@c
 T
@sd
@r
 !
¼ @D
@req
@req
@sm
K
@sm
@r
þ @req
@sd
K
@sd
@r
 
;
with
@req
@sm
¼ a; @req
@sd
¼ 1; @sm
@r
¼ 1
3
1þ mð Þ
1
1
0
8><>:
9>=>;;
@sd
@r
¼ 1
6sd
2 1 mþ m2 r11  1þ 2m 2m2 r22
2 1 mþ m2 r22  1þ 2m 2m2 r11
6r12
8><>:
9>=>;:
The derivative of the damage parameter with respect to the effec-
tive equivalent stress depends on the adopted damage evolution
law and, in the speciﬁc cases under consideration ruled by
Eq. (21) or (24), it results:
@D
@req
¼  ku k
r2eq k kuð Þ
;
or
@D
@req
¼ ke
d reqkð Þ 1þ dreq
 
r2eq
;
respectively.
For _D ¼ 0 the stiffness matrix reduces to:
@r
@c
¼ 1 Dð ÞK: ð41Þ
4. Numerical procedure
The model presented in the previous section has been imple-
mented in the framework of Finite Element Method. In fact, the
4236 F. Freddi, E. Sacco / International Journal of Solids and Structures 51 (2014) 4230–4244new interface ﬁnite element based on the model discussed in
Sections 2 and 3, has been introduced as special element in the
Open Source library deal.II (Bangerth et al., 2013). The investigation
was restricted to the 2D problem in plane strain state condition,
considering the bodies joined by the interface as linear elastic.
In particular, the nonlinear relationships presented in the previ-
ous section have been implemented into a four-noded interface
element as described in the following subsection. The problem
has been solved using a quasi-static incremental/iterative solution
procedure. In order to follow the (possibly) unstable structural
response, an arc-length method has been used. In particular, a local
control function, analogous to that proposed in Alfano and Crisﬁeld
(2001) was used. Accordingly, only the unknowns related to the
nonlinear behavior were introduced in the control equation. No
line-search procedures have been necessary to successfully termi-
nate the analyses. A suitable increment size has been assigned at
the beginning for each analysis and then a procedure with auto-
matic increments has been used in order to adaptively adjust the
increment size during the analysis.
A four-noded interface element, as schematically illustrated in
Fig. 4, is developed. In Fig. 4 the variable n 2 ½1;1 represents
the local coordinate system in the parent element. From a geomet-
rical point of view, the thickness of the element is considered equal
to zero.
With respect to the local system, the element nodal displace-
ment vector is written as:
U ¼ U

Uþ
 
; ð42Þ
where the nodal displacement vectors corresponding to the bottom
and top sides in the local coordinate system are:
U ¼ u11 u12 u21 u22
 T
; Uþ ¼ u31 u32 u41 u42
 T
; ð43Þ
where the superscript indicates the node number. Finally, the four-
noded interface element has 8 degrees of freedom.
The continuous displacement vector ﬁeld of the bottom and top
element can be obtained as:
u nð Þ ¼ NU; uþ nð Þ ¼ NUþ; ð44Þ
where N is the shape function matrix, deﬁned as:
N ¼ N1 0 N2 0
0 N1 0 N2
 
; ð45Þ
that can be obtained by making use of the following (classical) lin-
ear shape functions:
N1 ¼ 12 1 nð Þ; N2 ¼
1
2
1þ nð Þ: ð46Þ
Introducing the two 2 8 matrices:
N ¼ 1
2
½N N; ~N ¼ ½N N;
the average displacement vector in the thickness and the relative
displacement vector take the form:s1, ξ
1 2
43
ξ=−1 ξ=1
s2
Fig. 4. Four-noded interface element.u ¼ NU; s ¼ ~NU: ð47Þ
The control displacement vector, reduced to the 2D plane strain
case, is still denoted as c, with a little abuse of notations. It is
obtained as:
c ¼
u1;1 t
s2
s1
8><>:
9>=>; ¼ BU; ð48Þ
where it is:
B ¼
1
2 tN1;1 0
1
2 tN2;1 0
1
2 tN1;1 0
1
2 tN2;1 0
0 N1 0 N2 0 N1 0 N2
N1 0 N2 0 N1 0 N2 0
264
375;
ð49Þ
being
N1;1 ¼  12 j N2;1 ¼
1
2 j
;
with the Jacobian of the transformation j ¼ L=2 and L the length of
the interface element.
It should be noted that in the present formulation, due to the
particular choice of the adopted shape function, the strain u1;1
results constant along the element. Obviously, alternative interpo-
lation functions will permit to estimate the in-plane deformation
with higher order approximation.
The equilibrium equation is written in residual form introduc-
ing the ﬁnite element approximation into the variational formula-
tion (7) reduced to the 2D problem for the typical interface
element; ﬁnally, it results:
R ¼ 0; with R ¼ qint  qext ; ð50Þ
where qint and qext are the internal and external forces obtained at
the single element level by the relationships:
qint ¼
Z 1
1
BT r jdn;
qext ¼
Z 1
1
NTðpþ þ pÞ þ 1
2
~NTðpþ  pÞ
 
jdn
ð51Þ
In ﬁnite element implementation, only the stress vector r has to
be explicitly estimated. In fact, the inter-element traction vectors
pþ and p are self equilibrated once the contribution of solid
elements for the adherent bodies are taken into account. Moreover,
the components of the vector r has to be intended as the average
stresses at the interface level.
As announced above, the evolutive equations are integrated in
the time adopting the backward Euler technique. At the typical
ﬁnite step, the nonlinear problem is solved using the classical
Newton algorithm; taking into account Eqs. (50) and (51), it is:
0 ¼ Rkþ1 ¼ Rk þ @R
@U
 k
dU;¼ qkint þ
@qint
@U
 k
dU qext; ð52Þ
where the superscript k indicates the iteration number. From the
internal force vector, the element tangent stiffness matrix is
computed by differentiating Eq. (51)1, resulting:
Kt ¼ @
@U
Z 1
1
BT r jdn
 
¼
Z 1
1
BT
@r
@c
B jdn; ð53Þ
where the derivative of the stress vector with respect to the control
displacement is given in formula (40).
Fig. 5. Elastic domains obtained for a ¼ 0:2 and a ¼ 2.
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In the following some numerical simulations, obtained using
the simpliﬁed interface formulation (36), will be presented in order
to illustrate the features and the capabilities of the proposed
model.
The numerical applications have the main objective to remark
the inﬂuence of the conﬁnement effect on the interface response
and, as consequence, on the overall response of the structural
systems. In particular, three applications will be illustrated in the
following subsections, dealing with:
 the determination of the elastic domain of the interface and the
investigation on the effect of the conﬁnement;
 the study of the bond of two elastic solids joined by a cohesive
interface;
 the simulation of debonding tests of FRP reinforcements from
concrete supports. For this last application comparisons
between available experimental data with numerical results
will be given.0 0.002 0.004 0.006
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Fig. 6. Biaxial test: r22  s2 plo5.1. Elastic domain and conﬁnement effect
The response of the interface subjected to conﬁnement condi-
tions has been investigated. A coordinate system with x1 parallel
to the interface is considered. The interface stiffness matrix K has
been evaluated by setting the Young modulus E ¼ 3000 MPa and
the thickness t ¼ 1 mm.
Initially, the elastic domain of the undamaged interface in the
stress space r11  r22 has been determined; in Fig. 5 the plot of
the yield limit locus is reported for two adopted values of the
parameter a in Eq. (16), setting the limit equivalent stress
k ¼ 1 MPa. It clearly appears that the elastic domain has an elliptic
shape for a ¼ 0:2, while the graph is of hyperbolic type for a ¼ 2.
In particular, for this last case a tensile conﬁnement stress, i.e. a
positive stress in x1 direction (r11 > 0), leads to decrement of
r22, while a compressive stress (r11 < 0) permits higher values of
r22. Moreover, setting a ¼ 2 the interface does not present failure
in compression, as widely accepted, and the only admissible failure
of the interface is due to opening, sliding and (novelty) elongation.
Then, the inﬂuence of the conﬁnement effect on the Mode I
opening response of the interface has been investigated. The linear
damage evolution law governed by Eq. (21) is considered for the
computations, setting the value of the ultimate equivalent effective
stress ku ¼ 10 MPa.
The conﬁnement has been ruled by assigning the value of the
effective stress component r11. In particular, three cases have been
considered in the computations, corresponding to the following
values of the conﬁnement stress r11 ¼ 0:4 MPa;r11 ¼ 0 and
r11 ¼ 0:4 MPa. Once the effective stress r11 has been assigned, it
is kept constant during the whole loading phase; as consequence,
the damage evolves under a constant value of r11. In this case,
computations have been performed for the two different values
of the parameter a used in Fig. 5.
In Fig. 6, the graphs r22  s2 are reported for different cases of
conﬁnement. From the numerical results, it can be remarked that
the conﬁnement stress r11 plays a signiﬁcant role in the interface
response and in its damage evolution, as expected and desired.
When a ¼ 0:2, the compressive conﬁnement worsens the mechan-
ical response of the interface, i.e. the maximum stress r22
decreases; this is a strange and maybe undesirable behavior. On
the contrary, when it is set a ¼ 2, the compressive conﬁnement
improves the response of the interface, so that the maximum stress
r22 increases; moreover, when a tensile conﬁnement stress is
assigned, the maximum stress r22 decreases.
The appropriate setting of the mechanical parameter a is an
important issue for a proper use of the proposed interface model.0 0.001 0.002 0.003
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Fig. 7. Biaxial test: (a) geometry and boundary conditions; the two rectangular blocks are 10 mm tall and 50 mm wide, (b) stress state along the interface for m ¼ 0:2 for
q ¼ 4 MPa.
Table 1
Loading history for the simple structural system.
Time Prescribed displacement Conﬁnement pressure
[mm] [MPa]
t 6 20 u ¼ 0:0005 t q ¼ q0
t > 20 u ¼ 0:0005 t qðtÞ ¼ q0 1
 13 ðt  20Þ
 
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Fig. 8. Variable negative conﬁnement: r s2 plots for (a) decreasing compres
0 0.001 0.002 0.003 0.004
s2 (mm)
-0.2
0
0.2
0.4
0.6
0.8
1
σ
 (M
Pa
)
σ22
σ11
q=q0
q=0
(a)
Fig. 9. Variable positive conﬁnement: r s2 plots for (a) decreasing conﬁn
4238 F. Freddi, E. Sacco / International Journal of Solids and Structures 51 (2014) 4230–4244Indeed, it has to be remarked that direct experimental tests on
interfaces are very difﬁcult, if not impossible, to perform; in fact,
the mechanical parameters governing the interface models are
set in an indirect way, suitably elaborating structural responses.
As consequence, the choice of a has to be performed on the basis
of some considerations:0 0.001 0.002 0.003
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Fig. 10. Mechanical response of the structural system subjected to a different conﬁnement pressure history: (a) compressive conﬁnement with q0 ¼ 4 MPa (b) tensile
conﬁnement with q0 ¼ 4 MPa.
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Fig. 11. Mixed mode: r s plots for (a) compressive conﬁnement (q ¼ 2 MPa), (b) tensile conﬁnement (q ¼ 2 MPa).
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Fig. 12. (a) Test setup adopted in Carrara et al. (2011) and Carrara et al. (2013) and reproduced in the numerical simulations. (b) Elastic domains adopted for the interface.
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Table 2
Geometrical and mechanical properties of specimens considered in numerical
simulations.
tf (mm) Ep (MPa) Ec (MPa) t (mm) k (mm) d (MPa
1) a
1.3 168500 28700 30 7.7 0.0301 1.75
0 0.1 0.2 0.3 0.4
u1 (mm)
0
4
8
12
16
20
F 
(kN
)
classic interface
proposed model
Mode II
Experimental
Fig. 13. Detachment curves per unit width.
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4240 F. Freddi, E. Sacco / International Journal of Solids and Structures 51 (2014) 4230–4244 it is well-known that the response of cohesive materials are
pressure dependent and that the compressive conﬁnement
has a beneﬁcial effect on the mechanical behavior of cohesive
materials (Kupfer and Gerstle, 1973);
 the compressive failure of the interface is neglected, as widely
assumed in all the cited paper concerning the interface model-
ing. In fact, interface is very thin and, even if a compressive fail-
ure can be reached, the unilateral contact effect arises between
joined bodies;
 in the case of Poisson ratio equal to zero for the interface (as
assumed in Eq. (36)), the failure curve obtained for a ¼ 2 can
be regarded as a regularization of the well-known Mazars crite-
rion (Mazars, 1986).
Finally, taking into account the above considerations, a realistic
response of the interface under multi-axial state of stress can be
obtained by setting a  2.0 50 100 150
x (mm)
-2
0
Fig. 14. Stress distribution along the interface for (a) 0:8 Pmax of the ascending
branch, (b) Pmax and 0:7 Pmax of the descending branch.5.2. Response of two joined elastic bodies
In order to investigate on the effect of the conﬁnement effect on
the responseof a simple structural system, the case of the twoelastic
rectangular bodies joined along one edge is considered. The geomet-
rical data are reported in Fig. 7; the vertical displacements are con-
strained at top and at the bottom edges of the system. The simple
structure is subjected to opposite conﬁnement pressures q along
the vertical edges and to a prescribed displacement u2 ¼ u at the
top edge. The mechanical properties of the interface adopted for
the computations are the same considered in the previous subsec-
tion, while the parameter a has been assumed equal to 2. The elastic
blocks are characterized by equal Young modulus E ¼ 30000 MPa.
Initially, the Poisson ratio for the two bodies has been set m ¼ 0:2.
In Fig. 7b, the stress componentsr11 andr22 are plotted along inter-
face when the conﬁnement pressure q ¼ 4 MPa is applied along
the vertical edges with u2 ¼ 0. It can be remarked that, even for this
very simple loading condition, the stress componentsr11 andr22 are
not constant and r22 is not zero along the interface, because of theprestressed state arising in the vertical direction due to the speciﬁc
boundary conditions considered. In order to study a simpler prob-
lem and to investigate on the effect of the presence of the in-plane
stress r11 on the failure of the interface, in the following numerical
computations it is set m ¼ 0 which ensures homogeneous stress
components along the interface.
Then, the structural system is subjected to the increasing verti-
cal prescribed displacement u and to the conﬁnement pressure q,
which is assumed constant during the ﬁrst phase of the loading
history, while it has a linear decreasing or increasing law in the
second phase; the damage starts to evolve during the second
phase of the loading history. In particular, introducing a time-like
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Fig. 15. Local interface stresses vs slip s1 located at different positions in interface (a) x ¼ 5 mm, (b) x ¼ 40 mm, (c) x ¼ 75 mm, (d) x ¼ 110 mm and (e) x ¼ 140 mm.
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pressure q are governed by the expressions given in Table 1.
Firstly, the initial conﬁnement is assumed negative, as the com-
pressive pressure is set q0 ¼ 4 MPa; then, the conﬁnement pres-
sure is decreased or increased till to tensile conﬁnement. Fig. 8
report the stress components r11 and r22 at the interface level as
a function of the relative displacement s2. In the same ﬁgures,
the graph r22  s2 obtained whit constant conﬁnement effect is
plotted, i.e. q ¼ q0 even for t > 20, or equal to zero, i.e. q ¼ 0.
From Fig. 8a, it can be observed that the decrement of the con-
ﬁnement pressure induces an improvement of the mechanical
response of the interface due to the reduction of the damage rateevolution. In case of increasing conﬁnement, the interface behavior
becomes more brittle, as illustrated in Fig. 8b; in fact, a faster dam-
age evolution is obtained. It can be remarked that, even if the con-
ﬁnement pressure q is assigned on the boundary, the value of r11 at
the interface level is related to evolution of damage variable D, so
that when D ¼ 1 it results r11 ¼ 0.
Analogous considerations can be made in case of tensile con-
ﬁnement, i.e. when it is set q0 ¼ 4 MPa. In Fig. 9, the stresses r11
and r22 versus s2 are plotted for the loading history given in
Table 1. A more brittle response is recovered when the conﬁne-
ment pressure is increased; on the contrary, a better mechanical
response of the interface appears for decreasing conﬁnement
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Fig. 16. Local interface stress r12 vs slip s1 located at x ¼ 140 mm
x ¼ 5;40;110 mm.
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reported when q ¼ q0, even for t > 20, and when q ¼ 0.
The overall response of the structural system is illustrated in
Fig. 10. Results are reported in terms of the vertical loading P ver-
sus the prescribed displacement u2, for the cases in which the con-
ﬁnement pressure is taken null or constant (negative and positive)
during the whole loading history corresponding to the solutions
obtained setting q ¼ 4 MPa; q ¼ 0 and q ¼ 4 MPa. In the same ﬁg-
ure the solutions obtained with the variable conﬁnement stress
qðtÞ have been added. From the plotted results it can be noted that
conﬁnement stress strongly inﬂuences the structural response of
the simple system modifying the brittleness of the decohesion
process.
Finally, the case of mixed mode stress state has been repro-
duced. The vertical prescribed displacement has been replaced by
an inclined displacement vector with an inclination of p=6 with
respect to the horizontal direction while the conﬁnement pressure
q assigned on the boundary has been kept constant for the whole
loading process. The recovered constitutive relationship of a point
in the middle of the interface are reported in Fig. 11 for negative
and positive values of the imposed conﬁnement pressure,
q ¼ 2 MPa and q ¼ 2 MPa, respectively. Also in this case, it can
be noticed the positive/negative effect induced by the compres-
sion/traction conﬁnement stress.
5.3. FRP debonding
The debonding of FRP laminate glued on concrete substrate has
been investigated by numerical tests according to the single lap
joint shear test illustrated in Carrara et al. (2011). The scheme of
the adopted experimental setup is represented in Fig. 12a. Left
and bottom sides of the specimen are constrained in order to have
no displacements in the normal direction to the surface and free
displacements tangent to it. Plate bond length started 50 mm far
from the front side of the specimen. In this way the interface
behavior was not inﬂuenced by the edge effects that may cause
the expulsion of a concrete wedge, modifying debonding mecha-
nisms (Benzarti et al., 2011). The anchorage length is set 150 mm.
Computations are performed adopting as interface failure crite-
rion the Drucker–Prager model proposed in previous Sections, con-
sidering the nonlinear damage evolution law given by Eq. (24).
Geometrical (thickness of the FRP plate tf ) and mechanical (Young
modulus of concrete Ec and reinforcement Ep) properties of the0 25 50 75 100 125 150 175 200
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reported in Table 2. Other details can be found in Carrara et al.
(2011).
The elastic domain of the undamaged interface, i.e. when it is
D ¼ 0, in the stress space r11  r12 is illustrated in Fig. 12b. It
should be noticed the analogies with the classic Mohr–Coulomb
failure criterion. In the same ﬁgure it is represented the effect of
positive and negative values of the stress component r22, which
plays the role of the conﬁnement stress. In this test, the damage
evolution has been assumed to depend on the deformation of sub-
strate, according to Eq. (25).
The detachment curve obtained with the proposed model is
reported in Fig. 13 showing good agreement with two experimen-
tal results given in Carrara et al. (2011). Additionally, the numerical
results obtained by neglecting the membrane stress (classical
interface model with r11 ¼ 0) and using a pure Mode II interface
law with equivalent fracture energy value are added in Fig. 13.
The pure Mode II interface law assumes a shear stress-slip relation-
ship equivalent to the one suggested in CNR (2012), whereas the
classical interface model considers a relationship between the
peeling and shear stress components through the failure criterion
(15). The ascending and descending branches are similar for the
three models while the debonding process presents analogous
behavior for the classical interface and pure mode II models while
the present formulation gives higher values of transferred load. The
proposed model is in agreement with the experimental results
while the two other approaches present always lower value of
the transmitted force during the debonding phase. The reason for
this aspect is explained by investigating the behavior at the inter-
face level.
In Fig. 14 the stress state r11;r22;r12 along the interface for dif-
ferent load levels is reported: (a) 0:8 Pmax in the ascending branch,
(b) Pmax and (c) 0:7 Pmax in the descending branch, Pmax being the
maximum transmitted force. At 0:8 Pmax the debonding process
has already affected 25% of the interface with a the proﬁle of r12
that is typical of this failure process. The stress component r22 pre-
sents negligible values with the exception at the right extremity
that evidences a compression state. The interface is characterized
by important values of traction stress r11 on almost the entire
length thus modifying the elastic domain at each point. At the
maximum load level Pmax the stress distribution of r11 shows trac-
tion before the peak of r12 and compression afterwards. The stress
proﬁles of Fig. 14c show a behavior similar to the ones outlined in
the Fig. 14b.
Successively, the local behavior has been investigated in Fig. 15,
where the stress components r11 and r12 are plotted as a function
of slip s1 in different points of the interface. The same plots have
been reported for the classical interface and pure Mode II models.
In particular, starting from the free unloaded point located at x ¼ 0,
points at coordinates x ¼ 5;40;75;110;140 mm are investigated.
The pure mode II and the classical interface differs only at position
x ¼ 5 mm because of the presence of peeling stress r22. The pro-
posed model presents at each point a different r12  s1 behavior
due to the speciﬁc evolution of the conﬁnement stress r11.
Fig. 16 reports in the same plot the r12  s1 relations at points
x ¼ 5;40;110 mm; they are characterized by different maximum
values and different softening branches. These differences are
due to variation of the conﬁnement stress in the debonding process
that in absolute value reaches also 3 MPa. These results are in
accordance with the experimental evidences of Carrara et al.
(2011).
Later, the value of an equivalent fracture energy of pure Mode II
(obtained by integrating the curve r12  s1) has been evaluated for
the points previously analyzed and represented in Fig. 17. In the
same ﬁgure the results obtained with the classical interface and
pure Mode II models have been added. For pure mode II thefracture energy is constant for the entire interface length. The
classical interface model reveals a decrement of the fracture
energy at the beginning of the plate due to peeling stress. The
proposed model presents similar, but more pronounce, decrement
at the beginning of the bonded area. For the remaining portion of
the reinforcement the fracture energy has grater value than the
one at disposal in pure Mode II.
Finally, the same setup has been slightly modiﬁed. In order to
investigate the boundary effects, the bonded area is extended up
to the external corner thus reaching an anchorage length of
200 mm. For this case the r12  s1 behavior at points
x ¼ 5;20;40;80;120;180 mmare reported in Fig. 18a; theypresents
different maximum values and different softening branches. These
differences are pronounced both at the beginning and at the end of
plate. This is also conﬁrmed by the value of the fracture energy of
pure mode II estimated along the interface and depicted in
Fig. 18b. In fact, at the beginning and at the end of the reinforcement
that fracture energy at disposal is smaller that the one in pureMode
II while it is higher in the central portion.
6. Conclusions
An enhanced formulation for cohesive interface that keeps into
account the effect of in-plane deformations of the gluing surface
has been developed. The proposed model represents the enhance-
ment of the zero-thickness interface model and is particularly use-
ful for those cases where the adhesive internal stresses and strains
play a crucial role in the response of the heterogeneous materials
or in reinforced structural elements. Moreover, the model permits
to take into account damaging effects due to elongation and
strength increment induced by conﬁnement stress.
In particular, an interface damage model which accounts for the
mode I and mode II and the axial deformation of the interface has
been proposed starting by the use of Drucker–Prager failure crite-
rion. Alternative rupture domain could be considered for material
with speciﬁc fracture behavior. Two possible damage evolution
laws have been considered both governed by two parameters:
one deﬁnes the elastic domain while the other governs the soften-
ing branch. The formulation has been implemented into a ﬁnite
element code as an extension of the classical interface ﬁnite
element.
Numerical simulations demonstrate the signiﬁcant role played
by accounting for the conﬁnement effect in the nonlinear response
of the interface and, as a consequence, of structural systems. The
comparison with experimental results conﬁrms that in certain
cases it can be very important to take into account the effects of
the conﬁnement in the progressive damage evolution of the bond
and in the detachment mechanisms. In particular, the proposed
approach has demonstrated success in taking into account bound-
ary effects in the debonding failure of concrete substrate reinforced
by FRP.
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